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Synopsis: Although there are a number of technologies related to school
algebra, it is only the personal technology of the graphics calculator that
seems likely to be available widely enough to influence curriculum design
and implementation on a large scale. The algebra curriculum of the past is
overburdened with symbolic manipulation at the expense of understanding
for most students. But algebra is much more than just symbolic
manipulation. Connections between some aspects of algebra (expressing
generality, functions and equations) and some graphics calculator
capabilities are described. Some capabilities of algebraic calculators for
symbolic manipulation are illustrated. Together, these suggest a fresh look at
school algebra is needed.
The main purpose of this paper is to highlight some of the useful connections and
emerging issues between algebra in the secondary school and currently available
technologies, particularly graphics calculators. The focus is on elementary algebra,
usually the province of the secondary school years in Australia, formally starting in
either Year 7 or Year 8 (dependent on the state concerned). In fact, the study of
algebra starts much earlier, in the primary school, with a focus on important
mathematical ideas associated with patterns and regularities, and continues into the
early undergraduate years for some students.
A number of current technologies are related to algebra in a variety of ways.
Spreadsheets, which have been available for more than twenty years now, offer
mechanisms to represent relationships both numerically and graphically, using
symbolic representations to do so. Graphics calculators, which are about fifteen years
old, are related more directly to algebra, and come in both unsophisticated and more
sophisticated versions. For the past few years, algebraic calculators, sophisticated
graphics calculators which deal directly with symbolic manipulation, have also been
available. Computer algebra systems (CAS) of various kinds have been around for
more than twenty years, with very sophisticated versions such as Mathematica and
Maple produced for microcomputers over the past decade. These are widely used in
professional mathematics, scientific and engineering circles, although are less evident
in schools, partly because of their expense and partly because they greatly exceed the
requirements of school mathematics. Recently, palmtop computers have been
bundled with smaller version of such CAS software.
There are other kinds of technologies produced for school algebra, consisting of
specific computer software of various kinds. Some of this is directly of a drill-and-practice variety, essentially drilling students with formal school algebra. Some of it is
a little more ambitious, claiming to 'teach' students algebra, usually in the form of
symbolic manipulation algorithms. In my view, neither of these offer much to either
pupils or teachers beyond an automated version of what is already available, and
thus are of little interest here.
Although spreadsheets were first developed for, and still find their most use in, the
commercial world, they can be used to advantage in some aspects of algebraic work.
Their significance derives mainly from the fact that almost all households with a
personal computer probably have a spreadsheet somewhere, since such software is
often provided with the computer purchase. Spreadsheets offer pupils the
opportunity to evaluate functions for many different values of a variable, thus giving
some meaning to both the function itself and to the idea of a variable. Recently, these
numerical evaluations can be graphed to provide a graphical representation of a
function, also of value to pupils. Spreadsheets also handle iterative procedures quite
well, lending themselves to exemplifying and exploring recursive situations. A
disadvantage of spreadsheets is their use of non-standard notation.
Graphics calculators are small, hand-held calculators about the same size as a
scientific calculator. The most obvious difference between a graphics calculator and a
scientific calculator is the small graphics screen on the former. One of the several
uses of the graphics display screen is to draw graphs of functions, so graphics
calculator are sometimes called 'graphing' calculators, although this description is
too restrictive in outlook. Technology of this kind has been around now since the
mid 1980's. Graphics calculators are now widely used in parts of Australia, North
America and Europe. Two distinctive differences between graphics calculators and
other technologies for school mathematics, such as computers, is that they were
produced mainly for educational use and they are much more portable. Indeed,
graphics calculators are arguably the first examples of a genuinely personal
technology for school mathematics.
Personal technology
As the phrase suggests, 'personal technology' refers to the technology available to
individual pupils on a personal and unrestricted basis. Most  so-called 'personal'
computers are not examples of personal technology in schools, despite the use of the
term 'personal' to describe them. (A possible exception is the case of laptop
computers, but these are still much too expensive for the great majority of pupils,
and so are not dealt with here.) For economic reasons, computers in most schools are
available at the collective level, such as in a computer laboratory, rather than at the
individual level. In such situations, their use is controlled by the teacher, rather than
by the pupil. They are not permitted for use in examinations, particularly high-stakes
examinations external to schools, because of difficulties of assuring equity is
preserved between students. Although some pupils have individual access to a
personal computer at home, many others do not. They are still too expensive for any
curriculum authority to produce curricula based on the assumption of individual
ownership. Mostly for these reasons of access, the mathematics curriculum and
common teaching practices of schools have been only slightly affected, if at all, by the
increased availability of personal computers in schools.In contrast, there have been significant changes in school mathematics in a fairly
short period of time as a consequence of the availability of personal technology. In
some Australian states (presently Western Australia and Victoria), students are
permitted—in fact, expected—to use a graphics calculator in high stakes external
examinations. A consequence of this is that the classroom experience is affected, with
students needing to learn how and when and why to use a graphics calculator to
help them to think about or to do mathematics.
At present, and for the last twelve years or so, the most mathematically powerful
examples of personal technology are graphics calculators. These come in various
forms, but at least three are distinguishable when thinking about algebra. The least
powerful models are 'low-end' graphics calculators. They appear to have been
produced mainly with younger pupils in mind and are manufactured by Casio,
Sharp and Texas Instruments. Importantly for the notion of personal technology,
they are relatively inexpensive, with some costing not much more than scientific
calculators of the kind that have been routinely purchased by many, if not most,
Australian secondary school students for almost two decades. While still not cheap,
low-end graphics calculators are comparable in price with other adolescent
purchases in affluent countries, such as a pair of shoes or two or three modern CD's,
and thus are already affordable to the great majority of Australian families. In fact,
the majority of Australian pupils do not require a much more powerful calculator
than a low-end graphics calculator to meet their mathematical needs. The basic
functionality provided by these calculators concerns the representation of functions
and handling of elementary data analysis.
The next set, 'high-end' graphics calculators, are designed to accommodate the needs
of students in the later years of schooling and the early undergraduate years. All four
manufacturers, Casio, Hewlett-Packard, Sharp and Texas Instruments make good
examples of these, which are deservedly becoming quite popular in many senior
secondary schools in Australia. Algebraically speaking, they are distinguished by
having various automated equation solving capabilities and a wider range of
function representations (rectangular, parametric, polar and recursive) than the low-
end graphics calculators. They are probably the most popular graphics calculators,
since they span a wide range of uses over the spectrum of secondary and lower
undergraduate education. Students who acquire a modern graphics calculator of this
kind in the secondary school will still find it of use some years later in the early
undergraduate years.
The most powerful graphics calculators are 'algebraic' calculators, containing
Computer Algebra Systems (CAS). Given their capabilities, including extensive
symbolic manipulation in algebra and calculus, algebraic calculators raise a number
of significant issues for algebra teaching and learning, some of which are discussed
in Kissane (1999). These sorts of calculators can readily perform all of the symbolic
manipulation expected of secondary school mathematics students. This observation
alone suggests that such technologies are worth a closer look.
Yet another form of personal technology is the palmtop computer, such as Casio's
PC-Extender. These have now developed to the point where sophisticated software
(such as versions of Maple and of Geometer's Sketchpad) are available as plug-in
ROM's. Although such an idea might be promising in the long run, at present thetechnology is too expensive for many students to acquire, and is probably most
appropriate for those who already have access to a personal computer and a graphics
calculator. (Such devices are designed to interface smoothly with desktop
computers.) In addition, for reasons mentioned above, it is unlikely that such devices
will be acceptable to Australian examination authorities in the near future, thus
limiting their attractiveness to schools and pupils.
There is an urgent need to reconsider the secondary school algebra curriculum in the
light of what technology is potentially available, either through ownership or long-
term personal loan, to every single pupil. For at least the next few years, it seems
likely that only graphics calculators will fit this description. This paper describes
some of the relationships between this kind of technology and the algebra
curriculum.
Algebra
Evidence from many sources, over many years, from the anecdotal to the more
carefully researched, suggests that algebra in secondary schools has often been
characterised by limited success and even dread (on the part of pupils and teachers
alike). The algebra offered by schools, until very recently, appears to most students
to have been preoccupied with routines for symbolic manipulation, of dubious utility
and devoid of much meaning beyond the confines of the mathematics classroom.
These routines have included the 'collection of like terms’, 'expanding', 'simplifying',
factorising expressions and solving (a remarkably small repertoire of) equations.
Even today, many students seem to interpret algebra in such a procedural way.
Although we have managed to produce a small subset of pupils with technical
competence at such manipulations, very few of these have gained much insight into
what algebra is (and isn't), what it is for or why it is important. For most students,
much of the time, algebra mainly comprises a collection of symbolic manipulation
procedures, rather than also including a richly intertwined collection of concepts and
strategies. The noted mathematics educator, Robert Davis, was less than
complimentary about such an emphasis:
At one extreme, we have the most familiar type of course, where the student is
asked to master rituals for manipulating symbols written on paper. The topics in
such a course have names like “removing parentheses,” “changing signs,”
“collecting like terms,” “simplifying,” and so on. It should be immediately clear
that a course of this type, focussing mainly on meaningless notation, would be
entirely inappropriate for elementary school children; many of us would argue
that this type of course, although exceedingly common, is in fact inappropriate
for all students. (1989, p 268)
A recent attempt to try to inject meaning into the algebra curriculum and to focus
more carefully on the important ideas of algebra was provided by Lowe et al (1993-
4). In part, this work was informed by the seminal work in both A National Statement
on Mathematics for Australian Schools and the National Mathematics Profile, which
identified three broad dimensions of algebra and indicated how these might develop
over the early years of the algebra curriculum. The three 'substrands' of the 'Algebra'
strand were labelled 'Expressing generality', 'Functions' and 'Equations'. Later
refinements of these documents built upon the same structure, identifying for
example that the study of functions involves both relationships and graphs, and thatinequalities and equations ought to be considered together. These texts were
developed under the assumption that students had access to suitable technologies,
including graphics calculators and spreadsheets, although this was not the main
feature of their development. (Kissane, Grace & Johnston 1995).
Connections
The most important connection between personal technologies such as graphics
calculators and the algebra curriculum is that the technology provides fresh
opportunities for pupils to learn about algebra. The key to these is the capacity of the
calculator to enable exploration of key concepts—related to the metaphor of the
calculator as a laboratory (Kissane, 1995). Space precludes an exhaustive listing of the
kinds of explorations made possible, many of which are contained in publications
such as Kissane (1997). However, a few of the connections are described briefly
below, to offer a glimpse of the changed environment for learning and makjing sense
of algebra for pupils who have ready access to technology.
Expressing generality
As noted above, spreadsheets allow for some expression of generality. A
disadvantage for beginners is that they use unconventional symbols to do so (such as
a cell reference, A1, to represent the value in the top left cell) and also require
multiplication signs to be written (requiring A1 x B1 instead of A1B1 or A1(B1).) In
contrast, graphics calculators use the standard conventions of algebraic
representation; for example, 2AB2 means 2 x A x (B x B), both on the calculator
screens, on whiteboards and in texts. Regular use of a calculator with alphabetic
memories storing numbers seems likely to help students come to terms with the
notion of variables as place holders. In the same way, 2(A + 1) and 2A + 2 will give
the same numerical value on a calculator, regardless of the value of A, while 2(A + 1)
and 2A + 1 will (usually) give different values. Some of these characteristics are
shown in Figure 1, in which A has been given the value 4 and B the value 5. (These
and other screens in this paper were  produced on a Casio cfx-9850GB+ calculator, a
good example of a 'high-end' graphics calculator.)
Figure 1: using symbols on a calculator
Equivalence transformations  such as factorising, collecting like terms and expanding
can be represented either numerically and graphically to enhance meaning. For
example, graphs of y = x2 – 1 and of y = (x + 1)(x – 1) are identical, as are their
associated numerical tables of values. The critical concept of algebraic identity is
representable both numerically and graphically; in contrast, student work with
identities has often been restricted to the symbolic in the past. The screens show inFigure 2 show some of these kinds of connections. (Only one graph is showing—the
one drawn second, as the two graphs are of course the same.)
Figure 2: Showing the numerical and graphical equivalence of x
2 – 1 and (x + 1)(x – 1)
Equivalence can also be shown or tested on a graphics calculator using logical
statements, as described by Kissane & Harradine (2000). The calculator will give a
correct equivalence the value of one and an incorrect equivalence the value zero,
allowing pupils to check either their expansions or their factorisations readily, as
shown in Figure 3.
Figure 3: Checking equivalence with a graphics calculator
This procedure will almost always work for the intended purpose, although it needs
to be noted that it will appear to suggest that two statements are equivalent even
when they are equivalent for only a single value of the independent variable. The
final example above shows this erroneous case (in the particular case of B = 2, the
value currently stored in the calculator). To avoid such potential pitfalls, it is a good
idea to set the value of the variable to be a three digit integer—less likely to be the
solution of the equations usually encountered at school.
Functions
Aspects of the study of functions are also positively affected by the capabilities of
graphics calculators to represent relationships symbolically, numerically and
graphically—the so-called 'rule of three'. Explorations of functions represented
graphically or numerically (in tables) can be readily undertaken by pupils on
graphics calculators with minimal prior experience. While movements among
representations were available before personal technologies like this were invented,
they were frequently hindered by the time and error-prone complexity of producing
them (by hand graphing or numerical substitution, or both). Thus, students can now
readily produce the family of graphs shown in Figure 4 and focus on how and why
the graphs differ.Figure 4: Different representations of a family of functions
As well as movement among representations, graphics calculators permit pupils to
readily explore families of functions and thus the crucial notion of a transformation.
The screens below show an example of this with a function transformer (Kissane,
1997), to explore the transformation related to addition of a constant.
Figure 5: Using a function transformer to explore vertical shifts
A graphics calculator allows the algebra curriculum to focus on classes of
relationships of obvious importance that were traditionally neglected until later
algebra study (such as exponential functions). Although exponential functions are
very important because of their usefulness to model growth situations, they are
usually not dealt with in introductory algebra courses, because students find it
difficult to deal with them without first coming to grips with logarithms. However,
using a graphics calculator, exponential functions are no more difficult to graph or to
tabulate than are quadratic functions, and so they are an integral part of the Access to
Algebra series.
Tabulation of functions is also possible using spreadsheets, which leads in turn to
some ways of solving equations numerically. (These too are described in Access to
Algebra). Graphing of functions is similarly available on a spreadsheet, although it is
more difficult for pupils to manipulate the functions and their corresponding graphs
than it is for a graphics calculator.
Automatic graphical exploration capabilities of calculators allow students to deal
numerically with questions which were previously not accessible until the calculus
had been studied. For example, the screens below show how a calculator can locate a
relative minimum point of a function graphically. With a graphics calculator
available, students might be expected to learn to use graphs of functions rather than
merely to draw them; we might even expect that students will decide for themselves
when and why a graph would be appropriate, rather than relying on teachers and
textbooks to tell them. The difference is of considerable practical importance to the
algebra curriculum.Equations and inequalities
Elementary equations and inequalities can be explored profitably by pupils making
use of calculator capabilities for graphing and numerical tabulation. Unlike the
conventional equation-solving algorithms using symbolic manipulation, such
explorations are not restricted to the linear and the quadratic. (In fact, it is not
commonly recognised that there are only two algorithms, 'Do the same thing to both
sides' and using the multiplication property of zero after factorising.) Armed with
graphics calculators, students might be expected to explore in new ways
relationships between functions, equations and graphs and to develop a repertoire of
ways of dealing with equations and inequalities, rather than the 'one best way'
characteristic of the past. (See Kissane (1995) for an extended example of this.) We
might expect that pupils will be able to solve a particular equation in several ways,
and will develop the acumen to choose the most appropriate method for a particular
circumstance. To give an elementary example, Figure 6 show two ways in which
(numerical) solutions of the cubic equation x
3 – 2x = 1 can be obtained.
Figure 6: Three different solutions to x
3 – 2x = 1
Numerical solutions to equations through refining a table of values can also be
obtained on spreadsheets as well as graphics calculators, of course.
It is clear that the significance of factorising quadratic expressions and of the
quadratic formula is altered by the availability of technology of these kinds.
Symbolic manipulation
The second major relationship between technologies and algebra is that some of the
routines of algebraic work can now be performed routinely by devices like algebraic
calculators and their larger versions of CAS on computers. Space precludes a
complete treatment of this topic here, but the following examples (taken from
Kissane (1999)) together suggest that school algebra curricula are likely to be affected
considerably. Figure 7 shows some examples of some equivalence transformations,
which are handled efficiently by Casio's Algebra fx 2.0, using conventional syntax.
Figure 7: Expanding and factorising expressions on a Casio Algebra fx 2.0Similarly, Figure 8 shows examples of calculator solutions to equations and
inequalities.
Figure 8: Solutions to an equation and a related inequality
More sophisticated—and more complex—commands are accessible using technology
of this kind, as shown by the examples in Figure 9.
Figure 9: Exploring sums of powers on a Casio Algebra fx 2.0
It seems important to re-evaluate the significance of different aspects of school
algebra, particularly the focus on symbolic manipulation, in the light of these kinds
of capabilities. It might be argued, for example, that we should concentrate more
than in the past on helping pupils to express relationships algebraically rather than on
manipulating the expressions themselves; similarly, we may focus more attention on
helping pupils to formulate equations and interpret solutions, rather than only on the
algebraic manipulations required to solve equations. As a final example, Figure 10
shows how this algebraic calculator can be used to carry out the standard steps of
'doing the same things to both sides' in order to solve a linear equation.
Figure 10: Solving an equation by doing the same thing to both sides.
In this case. the user of the calculator does the thinking (ie what to do to each side of
the equation each time) and the calculator carries out the associated symbolic
manipulations, remembering the result each time.
Conclusion
Connections of the kinds illustrated above between elementary algebra and graphics
calculators deserve attention in secondary school curriculum development, as theyfundamentally change the environment in which algebra is learned. A graphics
calculator has the potential to richly exemplify many aspects of elementary algebra,
and help pupils to see that it does make sense after all. Although computers are
much more powerful forms of technology, graphics calculators offer powerful new
ways of dealing with the problems traditionally addressed by secondary school
algebra.
The development of the graphics calculator demands that we take a fresh look at the
existing algebra curriculum, how it is taught and how it is learned, under an
assumption of continuing and self-directed personal access to technology. Similarly,
the development of the algebraic calculator suggests that we look closely at the
content of our algebra curriculum and consider carefully a new role for symbolic
manipulation, both by hand and by machine.
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